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Two-dimensional inclined chute flows: Transverse motion and segregation

Gaelle Berton, Renaud Delannay, Patrick Richard, Nicolas Taberlet, and Alexandre Valance
Groupe Matière Condense´e et Matériaux, UMR 6626, Universite´ Rennes 1, F35042 Rennes Cedex, France
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We present an experimental study of two-dimensional dense inclined chute flows consisting of both mono-
disperse and bidisperse disks. We analyzed the trajectories of the particles within the flow in a steady regime.
~i! In monodisperse flows, particles are arranged in layers that are in motion relative to one another, and it is
found that the particles have a nonzero probability of being transferred to adjacent layers. We measured the
mean time spent by a particle in a given layer. This residence time is found to decrease with increasing layer
height. The particle transfer between layers can be interpreted as transverse motion of a diffusive nature. The
diffusion coefficient associated with each layer increases linearly with the layer height.~ii ! In polydisperse
flows consisting of a small percentage~less than 1%! of small disks among large ones, the small particles have
a net downward motion on which a fluctuating behavior is superimposed. At short times, the small particle
motion can be described as a biased Brownian motion. The ratio of the characteristic time of diffusion to that
of convection is found to increase with the layer height, indicating that the segregation process is more efficient
in the upper layers of the flow. At longer times, the transverse motion of the small particles seems to differ
greatly from a classical biased Brownian motion.

DOI: 10.1103/PhysRevE.68.051303 PACS number~s!: 45.70.Mg, 45.70.Ht
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I. INTRODUCTION

Granular material flows on inclined chutes still pose so
challenging problems related to modeling. Unlike classi
fluids, which are correctly modeled by Navier-Stokes eq
tions, there is no complete and general theory for the desc
tion of granular fluids. It is therefore crucial to better und
stand the physical mechanisms which drive granular flo
especially since they occur in geophysical contexts~rock
avalanches, landslides! @1,2# and in industrial applications.

According to the nature of the flow regime~frictional or
collisional!, several formulations have been suggested. If
granular medium is dilute and highly sheared, the partic
interact collisionally, which dissipates a part of their kine
energy. In this case, constitutive laws may be deduced fro
microstructural approach similar to kinetic theory for den
gases@3#. On the other hand, if the granular medium is den
and slowly sheared, the particles have persistent contacts
dissipate energy by friction. The forces between partic
have static origin and the constitutive law is plasticlike.

Inclined granular chute flows generally do not fall in
these two limit regimes. They belong to an intermediate
gime where both friction between particles and collision p
important roles. In this regime, no sound convincing con
tutive law has been proposed. Despite the numerous ex
mental @4–10#, numerical@11,12#, and theoretical@13–15#
works devoted to granular chute flows, their description a
prediction are still a challenge.

Most experimental studies have concerned thr
dimensional~3D! flows, where it is nearly impossible to de
termine the particle velocity because inserting a probe s
ously disturbs the measurement. To avoid the experime
difficulties encountered in the case of 3D flows, Drake@6#
proposed to use a two-dimensional geometry where parti
are confined between two glass walls. This geometry is w
suited to a detailed analysis of the microstructure and k
matics of the flow via a high speed camera. The purpos
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the present article is to analyze in a 2D inclined granu
chute flow the process of particle layer transfer. This stud
motivated by the understanding and modeling of the seg
gation phenomenon in granular chute flows. When partic
of the same density but different sizes are present in a fl
the large particles migrate toward the top free surfa
whereas the small particles move downward to reach
bottom surface. This migration process is intimately rela
to the mechanism driving the particle transfer between a
cent layers. As a first step, it is important to analyze t
layer transfer process carefully even in the case of mono
perse flows. In that case, the probability for a particle to
transferred from one layer to another is not reduced to z
What are the characteristics of the layer transfer proce
What is the driving mechanism of this process? These sim
issues have not received much attention among gran
physicists and only a little is known@29#.

The present article will therefore deal, in the first pa
with monodisperse flows, while the segregation process it
is treated in the second part. In the first part, we focus on
transverse motion of particles in a fully developed monod
perse flow in a 2D rough inclined chute. We report the f
lowing results:~i! although the flow is organized in layer
that are in motion relative to one another, particles from
given layer have a nonzero probability of being transfer
into adjacent layers;~ii ! the mean transverse displacement
particles from the bulk flow shows a surprising mean upw
drift; and ~iii ! the time spent by an individual particle in
given layer is found to be dependent on the layer conside
~it is shorter for a particle in an upper layer than for one in
lower layer!. This particle transfer between layers can
interpreted as transverse motion of a diffusive nature. Fr
the experimental data, we estimated, in particular, the di
sion coefficient associated with each layer, which is found
increase linearly with the layer height. A natural conseque
of the variation of the diffusion coefficient with the height
to induce a mean upward motion of the particles.
©2003 The American Physical Society03-1
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FIG. 1. Experimental setup. The higher pa
of the channel is used as a reservoir of particl
the flow is triggered by removing the blockin
bar.
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In the second part, we focus on the segregation proc
within bidisperse flows consisting of dilute mixtures~where
the proportion of small disks among large ones is less t
1%!. We analyzed the downward transverse motion of
small particles, which is a manifestation of the segregat
process. We found that the small particles have, on aver
a net downward transverse motion, on which a fluctuat
movement is superimposed. The particle motion can be
scribed at short times by a biased Brownian motion. T
diffusive process therefore competes with the convec
motion. We estimated the respective strengths of both p
cesses through the Pe´clet number, defined as the ratio of th
characteristic time of diffusion to that of convection. Th
ratio is found to be of the order of unity and increases w
the layer height. This means that the segregation proce
more efficient in the upper layers of the flow. At long
times, the transverse motion of the small particles seem
differ greatly from a classical biased Brownian motion a
bears some resemblance to a Le´vy flight.

The paper is organized as follows. Section II is devoted
the monodisperse flow experiments. We first describe the
perimental setup used for the chute and present the ge
features of the monodisperse flow in terms of velocity a
granular temperature. We then analyze in detail the tra
verse motion of the particles and discuss the experime
outcomes. Section III is devoted to the bidisperse flow
periments. We first report the characteristics of the bidispe
flow in terms of velocity profiles for both types of particle
We then present the experimental outcomes for the segr
tion process through the transverse motion of the small
ticles and discuss the nature of this transverse motion.
nally, a general conclusion and outlook are given in Sec.

II. MONODISPERSE FLOWS

A. Experimental setup

The chute flow experiments have been performed us
the setup sketched in Fig. 1. Unlike most granular ch
experiments, the particles used here are not spheres
disks. Although the use of disks instead of spheres enha
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the friction with the sidewall, it allows us to work with
monosized assemblies as well as with binary mixtures. In
monodisperse flow experiments, we use polystyrene disk
d58 mm diameter and 3 mm thickness.

The inclined chute is 2 m long, and the flowing particle
are confined between two smooth glass sidewalls. The
between the two walls is 3.3 mm wide~slightly wider than
the particle thickness!. The presence of sidewalls introduce
an additional friction force on the disk particles, whic
amounts to reducing the gravity force. The bottom is ma
rough by randomly placing half particles. More precisely, t
distance between the centers of two successive half part
is chosen in the interval@d,A3 d# according to a uniform
random distribution. (A3d is the critical interparticle dis-
tance corresponding to the situation where a particle from
flow can fill the void left between the bottom particles.! The
higher part of the channel is used as a reservoir and fi
with 1260 particles which are blocked by a bar. To trigger t
chute, the bar is removed. At the end of the chute, the p
ticles are free to flow out from the channel.

We estimated, with this setup, the critical angleuc where
hstop(u) vanishes.hstop(u) is defined as the minimum thick
ness of the flowing layer necessary to observe a uniform fl
at a given inclinationu @10#. We find thatuc'32° within a
few degrees. All experiments were performed with an inc
nationu of 36°, greater thanuc . It should be noted that, du
to wall friction, steady uniform flows exist for angles muc
greater thanuc .

Flow experiments are recorded by a high speed vid
camera~fastcam photron! at a rate of 500 images per secon
and a resolution of 5123240 pixels. This frequency is high
enough to track the motion of each grain of the flow. Ima
processing software computes the position of the cente
mass of the disks on each image, therefore allowing on
extract the trajectories and calculate the kinematic proper
of the particles.

During the discharge of the reservoir, which lasts a f
seconds, we observe a fully developed shear flow ove
window 20 cm long, 1 m downstream of the reservoir. Th
fully developed shear flow is characterized by a const
3-2
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height equal to 8d. The flow is dense: the packing fraction
rather constant in the bulk flow and is about 0.7~see Fig. 2!.
A constant packing fraction is also observed in dense flo
of spherical particles in 2D and 3D@6–8#. Within the flow, a
stratification develops: layers of one particle width are b
up and slide over each other. Close to the top free surf
the layers are less structured, the medium is more fluidiz
and therefore the packing fraction is lower, as can be see
Fig. 2.

B. Velocity and temperature profiles

We will define theOx axis to be parallel to the flow di
rection and theOy axis perpendicular to it. The velocity mea
surements are presented in Fig. 3. The modulus of the a
age dimensionless velocity and its components along thx
andy directions are plotted as functions of the distance fr
the base of the flow. The ‘‘instantaneous’’ velocity of th
particles is calculated from two successive positions take
a sampling rate of 500 Hz and the averages have been
formed over time~i.e., over the video recording duration!
and space~i.e., over thex direction within the observation
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ν(y/d)

0
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d

FIG. 2. Packing fraction profile of the flow. A stratification
developing within the flow.
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FIG. 3. Velocity profile: (3) velocity V, (s) Vx , and (d) Vy .
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window!. The velocity of the particles increases nearly li
early with the distance from the base. The shear rate he
about 10 s21. The linearity of the velocity profile is a clas
sical result in granular dense flows consisting of spher
particles in 3D and 2D@6–8#. In the transverse direction, th
mean velocity of the particles is found to be equal to ze
within the experimental uncertainties.

We have also plotted in Fig. 4 the distributions ofVx in
the different layers of the flow. We have labeled each laye
the flow by Li , where the indexi 51 refers to the bottom
layer andi 58 to the top layer. The width of the distributio
~which is nothing but a measure of the ‘‘granular tempe
ture,’’ as we shall see later on! increases as one moves aw
from the bottom layer. These velocity distribution are ve
close to Gaussian distributions except for layers close to
bottom~L1, L2, and L3!. For these three layers the distribu
tions are no longer symmetric and their peaks are sha
than a Gaussian one.

We have plotted in Fig. 5 the variance of the veloc
distributions as a function of the distancey from the base of
the flow in dimensionless variables. The variance of the
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FIG. 4. Velocity distribution in the different layers of the flow
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FIG. 5. Granular temperature profile: (s) Tx5Vx
22Vx

2, (d)
Ty5Vy

22Vy
2, and (3) T5Tx1Ty .
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locity distribution is a measure of the so-called granular te
peratureTx;Vx

22Vx
2, Ty;Vy

22Vy
2, andT5Tx1Ty . One

should point out that the concept of ‘‘granular temperatu
has a clear meaning when the granular flow is collision
since it then corresponds to the standard definition of
kinetic temperature calculated from the rms velocity m
sured during free flights. For dense flows where most
particles have lasting contacts, this is no longer the c
since velocities are measured during contacts. Howeve
the literature on granular media, one still uses the te
‘‘granular temperature’’ for the rms velocity calculated in th
way.

The granular temperature is close to zero at the bas
the flow and increases with the heighty. For low y, T scales
as T;ya with a'0.65. One can note in addition that th
temperatures along thex and y directions are of the sam
magnitude: there is no anisotropy. The measured tempera
profile differs from those found in 2D and 3D simulations
dense flows of spheres where the temperature is consta
the bulk flow @8,16#. The origin of this difference is not ye
well understood but it may be due to an anomalously hig
dissipative bottom.

C. Transverse displacements

We focus here on the transverse motion of the partic
according to their height in the flow.

In Fig. 6~a!, we have plotted the mean transverse d
placement of the flow particles according to their init
transverse position in the flow. The mean transverse
placementd i(t) for particles initially located in the layer Li
has been calculated as follows:

d i~ t !5
1

Ni
(
j 51

Ni

@yj~ t !2yj~0!#, ~1!

whereNi is the number of recorded particles initially in th
layer Li . yj (0) corresponds to the initial transverse positi
of the particlej andyj (t) to its position after an elapsed tim
t. We estimatedd i(t) for i 51,2, . . . ,7 and for 0<t<0.2 s.
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FIG. 6. Experimental measurements:~a! mean vertical displace
ments as a function of time for different initial positions of pa
ticles; ~b! variance of vertical displacements as a function of tim
for different initial positions of particles.
05130
-

’’
l,
e
-
f

se
in

of

re

in

y

s

-

s-

For the upper layers and longer times, our statistics are
weak. We can see in Fig. 6~a! that the mean lateral displace
ment is not reduced to zero and depends on the particle
sition in the flow. Particles from the lower layers~i.e., i
51,2, . . . ,5)migrate upward, whereas the ones from the u
per layers have a mean downward motion. The maxim
positive drift velocity is approximately 0.75 cm/s and corr
sponds to the mean displacement of the particles of layer

An important remark should be made. The existence o
mean upward or downward motion for the particles is not
contradiction with the fact that the mean transverse velo
of the flow ~or mean transverse mass flux! is zero. The mean
local speed of the particles in each layer is zero, but, as
see next, the existence of a gradient in the mass diffus
coefficient perpendicular to the flow can partly explain t
nonzero mean displacement of the particles once they h
visited several layers.

We have also evaluated@see Fig. 6~b!# the variances of the
vertical displacements, defined by

s i
2~ t !5

1

Ni
(
j 51

Ni

@yj~ t !2yj~0!#22d i
2~ t !. ~2!

The variances of the vertical displacements are found to
crease linearly with time for short times. Furthermore, t
higher the position of the particle in the flow, the greater t
fluctuations. The interesting outcome is the linear evolut
of the variance with the time. This suggests the existenc
a diffusive behavior for short times. An effective diffusio
coefficient can be evaluated from the slope of the cu
s2(t) for short times (s2.2Dt). It is found thatD increases
linearly with the transverse positiony in the flow ~see Fig. 8
below!:

2D~y!5a
y

d
1b, ~3!

with a'0.296 cm2/s andb'0.312 cm2/s.
We also measured the average time spent by the part

within a given layer Li before visiting another one. Th
evaluation of this residence time is slightly underestima
due to the fact that some particles stay in a given layer lon
than the recording time. Figure 7 gives a representation
the mean residence timet r according to the layer considered
When particles approach the free surface of the flow,
residence time decreases. These results completely su
the conclusion drawn from the transverse displacement fl
tuations.

It is also possible to derive an effective diffusion coef
cient from the measured residence timet r . A classical cal-
culation based on a ruin problem~or random walk@17#! al-
lows one to link the residence time to the diffusio
coefficientD associated with the diffusion process:

2D5
d2

4t r
. ~4!

In Fig. 8, we have presented the diffusion coefficient eva
ated directly from the fluctuations of the transverse displa
3-4
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ments and that calculated from the residence time@Eq. ~4!#.
Both data sets show quite similar results. This strongly re
forces the hypothesis of a transverse diffusion process.

D. Discussion

We would like to discuss here the consequences of
height-dependent diffusion coefficient for the transverse m
tion of the particles. In particular, we want to check wheth
the inhomogeneity of the diffusion coefficient throughout t
flow can explain not only qualitatively but also quantitative
the nonzero net transverse motion of the particles of the fl
The issue is thus the following: Given a particle diffusin
within a bounded layered medium where the diffusion co
ficient varies from one layer to another, what is its avera
displacement at short times and what is the effect of
boundaries? The simplest and quickest way to answer t
questions is to carry out simulations based on a class

0 0.05 0.1 0.15 0.2 0.25
τ

r

0

1

2

3

4

5

6

7

8

9
y/

d

FIG. 7. Evaluation of the residence time in each layer.
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2D (cm

2
/s)

0
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y/
d

experimental
ruin problem
fit

FIG. 8. Diffusion coefficient as a function of the height from th
base of the flow: (s) values obtained from the measurement of t
lateral displacement fluctuations, (d) values derived from the ex
perimental evaluation of the residence time, and~dashed line! linear
regression.
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random walk, which is currently used in fluid mechanics
study dispersion and diffusion problems@18#.

We have therefore simulated the transverse displacem
of a single particle by a one-dimensional random walk alo
the y direction. The particle moves in a layered mediu
where the diffusion coefficientDi of the layer Li is taken to
increase linearly with the layer height, as suggested by
experimental results. The medium comprises eight layers
is bounded by two reflective walls, which mimic the pre
ence of the rough bottom and the top free surface. The
flective conditions ensure a zero particle flux through
walls. The strategy of the simulation is to move, at each ti
stepdt, the particle upward or downward by an elementa
stepdyi5A2Didt, which depends on the layer Li where the
particle stands.

We have reported, in Fig. 9~a!, the results from the simu
lation concerning the mean particle displacement accord
to its initial position. One can first note that particles fro
intermediate layers~L2 to L6! have a net upward motion
with a constant drift velocity of 0.09 cm/s. This is a classic
result of inhomogeneous diffusion: indeed, it can be sho
that the mean displacement of a particle diffusing in an in
nite medium, characterized by a spatial-dependent diffus
coefficient D(y), is nonzero and the mean drift velocit
scales as] td;]yD(y). In the particular case whereD(y)
has a linear dependence ony, the drift velocity is indepen-
dent of the particle position. Second, it is clear from Fig. 9~a!
that the presence of the reflective walls plays an import
role in the transverse motion of the particles from the low
and upper layers. The mean displacement of particles f
the layer L1 is enhanced in comparison with that of bu
particles~the drift is found to be 0.4 cm/s!, whereas the par-
ticles from the top layer L8 have a net important downwa
motion ~corresponding to a negative drift velocity of 1.2 cm
s!. One should note that the presence of the reflective w
has a more dramatic effect on the upper layer where
diffusion coefficient is greater.

It is now interesting to compare the mean transverse m
tion of the flow particles obtained from our basic simulati
with the experimental data@cf. Fig. 9~b!#. One clearly sees
that the simulation outcomes differ quantitatively from tho
obtained in experiments. Indeed, the main discrepancy is

0 0.05 0.1 0.15 0.2
t  (s)

-0.4

-0.3

-0.2

-0.1

0

0.1

0.2

δ/
d

L1
L2,L3,...,L6
L7
L8

(a)
0 0.05 0.1 0.15 0.2

t (s)

-0.4
-0.35

-0.3
-0.25

-0.2
-0.15

-0.1
-0.05

0
0.05

0.1
0.15
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L2
L3
L4
L5
L6
L7 (b)

FIG. 9. Mean vertical displacements as a function of time
different initial particle positions:~a! results of simulations based o
random walk;~b! experimental results.
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the simulations greatly underestimate the amplitude of
mean displacement for the bulk particles. As a conseque
the magnitude of the upward migration of the bulk partic
cannot be solely explained by the presence of the gradie
the mass diffusion coefficient. We can evoke at least th
effects which could favor the upward migration of the pa
ticles. First, we have assumed a constant packing fractio
the flow, as suggested by the experimental measurem
However, a careful inspection of the packing fraction profi
shows that it slightly decreases as one moves away from
base of the flow. This slight variation of the packing fracti
could induce upward migration of the particles. Second,
local fluctuations of the packing fraction in a given lay
should also be a crucial parameter for particle migrati
Indeed, the transfer of particles from one layer to an adjac
one should depend, among other things, on the probabilit
finding a void space in the latter, and one can reasona
expect that this probability is higher for the upper laye
~since the granular temperature is greater!, resulting in a fa-
vored upward migration. Third, the boundary conditio
could play an important role. The top layer is a free surfa
whereas the bottom layer is bounded by the rough base.
asymmetry could eventually also favor an upward migrati

III. BIDISPERSE FLOWS

A. Motivation

It is well known that when different particles are put in
relative motion by shearing, flow, or vibration, they do n
mix and show a tendency to gather according to their f
tures. This segregation process occurs when particles ex
differences in size@19–23#, density, shape, or roughnes
@24#. For particles of the same composition, the segrega
of small and large beads has been investigated in nume
studies, and generally small particles are found at the bot
surface of a medium composed of large particles~or, con-
versely, large particles are located at the top surface o
medium composed of small particles!. This segregation
mechanism has been explained by geometrical effects
particles flow, it is more likely for a small particle to find
large enough void space to fall into than for a large partic

On this basis, Savage and Lun@19# proposed a theoretica
model for the segregation process in dense granular fl
They argue that two mechanisms compete for the transfe
particles between layers in relative motion:~i! a random fluc-
tuating sieve process which is size dependent and induce
gravity, and~ii ! a mechanism of squeeze expulsion due
imbalances in contact forces on an individual particle~this
latter mechanism has no size nor direction preferences!. The
combination of these two mechanisms leads to a net pe
lation velocity of each species and, by means of the m
conservation equation, the development of the concentra
profile with downstream distance can be obtained. Conc
ing the concentration profile and the distance required for
complete separation of particles, reasonable agreeme
found between the predictions of the model and the meas
ments from 3D flows of a binary mixture down a roug
inclined chute@19,25#.
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However, only a few experiments have been carried
on the segregation process itself during dense inclined c
flows of granular materials. Our objective is to study th
process carefully through our 2D inclined chute flows co
sisting of binary mixtures of coarse and fine particles and
test the model of Savage and Lun@19#.

B. General properties of the bidisperse flow

The flow experiments were performed with binary mi
tures using the same inclined chute as that described in
II. The binary mixtures were made of large polystyrene dis
of diameter dL58 mm and small ones of diameterdS
54 mm, giving a diameter ratio of 2. We worked only wit
very dilute mixtures~e.g., less than 1% of fine particles!. The
experimental conditions are the same as those used
monodisperse flows: a chute inclination of 36° and a fl
height of eight large disk diameters. We observe a qu
fully-developed flow 1 m downstream from the beginning o
the chute which lasts about 2 s. Strictly speaking, the flow
not fully developed since through the chute the segrega
process occurs: the small disks migrate progressively tow
the lower layer of the flow. However, as the mixture is dilu
the flow of large disks remains stationary and homogene
along the longitudinal direction.

In Fig. 10, we present some characteristic trajectories
both large and small disks. The time interval between t
consecutive points on each particle trajectory correspond
t0520 ms. Since the binary mixture is very dilute the lar
disks within polydisperse flows are found to exhibit the sa
behavior as in monodisperse flows. One can note that
large particles travel roughly at a constant height with so
fluctuations~smaller than one disk diameter!.

In contrast, the small particles exhibit an important me
transverse motion but fluctuations are still present. Some
corded trajectories of small disks show a clear net downw
motion. This is a manifestation of the segregation proc
and according to Savage and Lun@19# it can be explained as
follows. Because of the overriding of layers and the co
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FIG. 10. Selected trajectories of~a! large disks and~b! small
ones in bidisperse chute flows. Each symbol corresponds to
center of gravity of a different disk.
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TWO-DIMENSIONAL INCLINED CHUTE FLOWS . . . PHYSICAL REVIEW E 68, 051303 ~2003!
tinual rearrangement of particles within a layer, the cont
force network and the void spaces are undergoing contin
random changes. At any instant, there is a distribution
void spaces in a given layer. If a void space is large enou
then a particle from the layer above can fall into it as t
layers move relative to one another. The probability of fin
ing a hole into which a small particle can fall is larger th
that of finding a hole into which a large particle can fa
Hence, there is a tendency for the particles to segregate
with fine ones at the bottom and coarse ones at the top.
is the gravity-induced void filling mechanism proposed
Savage and Lun@19#. However, it should be noted that sma
particles from the bottom have a net upward motion which
clearly caused by the presence of the boundary.

We measured the mean velocity of the small particles
the flow and compared it to the mean velocity of large dis
We have plotted in Fig. 11 the mean longitudinal velocityVx

of each species as a function of the height measured from
bottom. There is no difference between small and large d
concerning the mean longitudinal velocities. The flow sh
rate g is 10 s21. In contrast, the mean transverse veloc
profile ~see Fig. 12! is different for small and large particles
Whereas the mean transverse velocity of large particle
almost equal to zero, small particles have a significant do
ward velocity. It should be noted that for small disks t
averages were performed over a particle population wh
repartition across the flow is not uniform~see Fig. 13!. In
view of the experimental data, it is difficult to say wheth
the downward migration speed is independent of the heigy
or not. The migration speed averaged over the height of
flow is found to be 1.2 cm/s.

The mechanism responsible for the net downward mig
tion has been described by Savage and Lun@19# and has
been termed a ‘‘random fluctuating sieve.’’ This phenomen
is a gravity-induced, size-dependent, void filling mechanis
Voids are characterized by a ‘‘void disk’’ defined as the la
est grain that can fit into a given void space. The auth
derived a theoretical expression for the downward perc

0 0.5 1 1.5 2 2.5 3
v

x
 / (g d
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FIG. 11. Mean longitudinal velocityVx as a function of the
height from the bottom for small and large disks.
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tion velocity Vd which is given in the limit of a dilute mix-
ture by

Vd /gdl5
4

p

M

N
nF ~21Ē2Em!expS 2

12Em

Ē2Em
D

2~s1Ē2Em11!expS 2
s2Em

Ē2Em
D G , ~5!

whereM /N is the ratio of the number of voids to the numb
of particles in a given layer,Ē is the mean void diamete
ratio defined as the ratio of the mean void diameter to
mean diameter particle~which corresponds to the large dis
diameter in the dilute mixture limit!, s5dS /dL is the ratio of
the small disk diameter to the large one, andEm is the mini-
mum possible void diameter. For close packing of eq
disks,Em50.1547. As our mixture is very dilute, it is legiti
mate to take this value forEm . Finally, n is the volume
fraction of the flow. All these parameters can be estima
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FIG. 12. Mean transverse velocityVy as a function of the heigh
from the bottom for small and large disks.
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FIG. 13. Repartition of the small particles in the flow as a fun
tion of the heighty within the observation window.
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BERTON et al. PHYSICAL REVIEW E 68, 051303 ~2003!
from an analysis of the video recording of our flow. In ord
to determine the features of the voids in the flow, we e
ployed a method very similar to that of Savage and Lun@19#:
we mapped the interparticle space onto the Voronoı¨ network
@26# and defined a void disk as the largest disk that can
into a Voronoı¨ vertex @27#. We found M /N'0.6 and Ē
'0.35. In addition, the packing fractionn was found to be
of order 0.7. Using these parameters, we obtainedVd
50.3gdL'1.6 cm/s. This value has to be compared to
experimental measured percolation speedVd'1.2 cm/s. As
a conclusion, the theoretical expression for the percola
speed gives a rather good estimation.

The theory of Savage and Lun is based on the assump
that the probability of finding a voids diameter ratioE
5dv /d̄ is given by a decreasing exponential law ofE:

p~E!5
1

Ē2Em

expS 2
E2Em

Ē2Em
D . ~6!

0 0.2 0.4 0.6 0.8 1
E

0.01

0.1

1

P
(E

)

FIG. 14. Experimental pore size distribution within the flo
~continuous line!. The dashed line represents the theoretical dis

bution calculated forĒ50.35 ~which corresponds to the value ex
tracted from the experimental data! andEm50.1547.
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This distribution function can be derived in the framework
the ‘‘maximum entropy approach.’’ It would be interesting
test the pertinence of this theoretical pore size distribut
function experimentally. The experimental estimation of th
distribution function is shown in Fig. 14. It is found that th
tail of p(E) ~i.e., for E.0.4) exhibits a clear exponentia
decay but with a decay rate greater than that calculated f
the theory. This result tends to show that Eq.~6! can be used
only as an approximation to zero order. There is therefor
need to improve the theoretical description for a better ag
ment with the experiments.

C. Segregation and transverse displacements

Examination of the transverse displacements of the sm
particles gives us some insights into the segregation proc
The mean displacements of the small disks are shown in
15~a!. One can note again that the small disks have a
downward motion, except for those which are located in
bottom layer. The mean displacement of the particles va
roughly linearly with time. Furthermore, the particles fro
the upper layers exhibit a greater downward displacem
than those from the lower layers.

From the mean transverse displacement, one can extr
migration speed, which will be denotedVd* . It is important
to realize thatVd* is different from the percolation speedVd

calculated in the previous subsection.Vd is a mean local
velocity which is obtained by averaging the velocity of th
particles belonging to a given layer and is the analog o
Eulerian velocity~or a fluidlike velocity!. On the contrary,
Vd* is determined from the individual motion of the particle
which are initially located in a given layer and will be re
ferred to as the ‘‘particle velocity.’’Vd* is calculated from the
slope of the curves plotted in Fig. 15~a! and is shown in Fig.
16. One can note thanVd* increases roughly linearly with the
transverse position in the flow and differs notably from t
Eulerian percolation speedVd . At this point, one should
make a comment. It is not really surprising that the Euler
velocity and the particle velocity differ. Even in a classic
fluid, the velocity of the molecules is not equivalent to t
mean fluid velocity~i.e., the Eulerian velocity! @28#.
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FIG. 15. ~a! Mean transverse displacemen
and ~b! variance of vertical displacements as
function of time according to the particle pos
tion.
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We also calculated the fluctuations of the transverse
ticle displacements according to their initial position in t
flow @see Fig. 15~b!#. We observe a behavior very similar t
that of the large particles. The variance of the particle d
placement increases linearly with time. The slope depend
the transverse particle position: it increases when the par
is higher in the flow. The small particles therefore have
diffusive motion superimposed on a net downward moti
This diffusion process can be associated with the ‘‘sque
expulsion mechanism’’ described by Savage and Lun. It
no preferential direction of layer transfer and is size indep
dent, as observed for the diffusion process~see Fig. 17!. We
have indeed compared the diffusion coefficient associa
with the small particles to that associated with the large on
The diffusion behavior seems independent of the part
size. For both particle sizes, the diffusion coefficient is of
same order of magnitude and is an increasing function of
layer height.

To quantify the strength of the diffusion process relat
to the segregation one, we have evaluated the ratio betw

0 1 2 3 4 5 6 7

v
d
 (cm/s)
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7
y/

d L

Particle velocity
Eulerian velocity

FIG. 16. ‘‘Particle’’ percolation speedVd* (s) and ‘‘Eulerian’’
speedVd52Vy (* ) as functions of the height from the flow bas
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FIG. 17. Diffusion coefficient as a function of the height fro
the flow base for large and small disks.
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the characteristic diffusive timetD and the characteristic
convective onetC ~associated with the net downward m
tion!. tC is defined as the time needed for a particle
change layer due to the convective motion:tC5dL /Vd* . tD

is associated with the diffusive motion and is given bytD

5dL
2/2D. The ratiotD /tC5dL Vd* /2D, analogous to a Pe´-

clet number, is plotted in Fig. 18 as a function of the parti
position in the flow. We can note that this ratio increases
one moves away from the flow base, indicating a stron
segregation process in the high part of the flow. Howeve
remains of the order of unity which means that there is no
strong predominance of one process over the other.

D. Discussion

We would like to discuss here the observed differen
between Eulerian and particle percolation speed. In part
lar, we want to know whether the layered structure of t
flow ~with a nonhomogeneous mass diffusion coefficient! is
responsible for that difference. To answer this question,
simulated the transverse individual movement of a small p
ticle by a one-dimensional biased random walk along thy
direction. The particle moves in a layered medium where
diffusion coefficient varies from one layer to another, as o
served in the experiments. A biasVd* is added to mimic the
downward convective motion of the small particles. As su
gested by the experimental data, this bias is taken to be
pendent on the initial vertical position of the particle in th
flow. We have chosen a linear variation with the heighty:
Vd* 'a(y/dL)1b, with a50.66 cm/s andb520.83 cm/s.
The strategy of simulation is the same as that describe
Sec. II.

In Fig. 19, we have presented the mean displacement
the particles obtained for different initial particle position
For particles in the bulk, the mean displacement varies
early with time and is directly related to the particle migr
tion speedVd* introduced in the simulation:]d/]t'Vd* . We
calculated the corresponding Eulerian percolation spe
considering an initially uniform distribution of small par
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0
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d L

FIG. 18. Ratio between the diffusive characteristic timetD and
the convective onetC as a function of the heighty from the flow
base.
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BERTON et al. PHYSICAL REVIEW E 68, 051303 ~2003!
ticles in the system and letting them evolve for 0.2 s. T
results are shown in Fig. 20. We find that the Eulerian p
colation speed behaves like the particle one and is slig
greater. The latter result is not surprising since the Eule
speed in a given layer is the average of particle velocities
particles belonging to that layer and particles coming fr
the neighboring layers. In particular, particles coming fro
the neighboring upper layer have a greater particle speed
therefore contribute to enhancing the Eulerian velocity fr
that layer. However, this is not what is experimentally o
served since the Eulerian speed is smaller than the par
one, especially for the upper layers of the flow.

In conclusion, this simple model based on a classical
ased random walk in a stratified medium is not able to
produce the difference observed between the Eulerian
particle percolation speeds. Several hypotheses can be
posed to explain this difference.~i! First, the heterogenou
distribution of small particles in the flow along the transve
direction ~cf. Fig. 13! may change the estimation of the E
lerian speed.~ii ! Second, it may be possible that the partic
motion is not as simple as a classical random walk. A care

0 0.05 0.1 0.15 0.2
t (s)

1.2

1.0

0.8

0.6

0.4

0.2

0.0

0.2

 δ
/d

L

L1
L2
L3
L4
L5
L6
L7
L8

FIG. 19. Results from the simulation: mean vertical displa
ments as a function of time for different initial particle positions
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migration speed (cm/s)

0
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6

8

y/
d L

Eulerian velocity
Particle velocity

FIG. 20. Particle and Eulerian downward migration speeds,
culated from simulations based on a classical Brownian rand
walk, as functions of the vertical position in the flow. The simu
tion was achieved considering an initially uniform distribution
particles in the system.
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observation of the reported trajectories of the small partic
~cf. Fig. 10! suggests the existence of two different spat
scales: one associated with the diffusion process within e
layer and the other related to the downward migration p
cess. Indeed, when a particle from a given layer leaves
layer, it travels in a straight path over a distance which c
be several layer width. This fluctuating behavior bears so
resemblance to a Le´vy flight. ~iii ! Third, the motion of the
particles in the flow direction is not taken into account in t
simulation. In particular, particles from the upper laye
move faster and cross the observation window in a sho
time than that needed for the particles from the lower laye
As a result, upper particles contribute to the statistics wit
smaller weight.

We have tested the two first hypotheses. The introduc
of a heterogeneous distribution of the small particles alo
the transverse direction of the flow in the simulation does
quantitatively change the results. On the contrary, if
simulate a random walk introducing two spatial scales~one
for the diffusion process and the other for the migrati
mechanism! as evoked above, combined with a heterogen
distribution of particles~chosen identical to the experiment
one!, we find a much better agreement with the experime
The rules used for the random walk are the following:
particle from a given layer undergoes at short time a rand
Brownian motion with a diffusion coefficient correspondin
to that measured experimentally, and as soon as the par
leaves its own layer downward by this diffusion process, i
animated by a persistent motion in the downward direct
over a distance of one-half layer width. Then the parti
diffuses again in its new layer, and so on. The results of
simulation are shown in Fig. 21. In the upper layer, the E
lerian percolation speed is found to be smaller than the p
ticle speed as in the experiment in the upper layers. In
case of a random walk based on two spatial scales, the
lerian percolation speed is very sensitive to the initial dis

-

l-
m
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y/
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Eulerian velocity
Particle velocity

FIG. 21. Particle and Eulerian downward migration speeds,
culated from the simulations based on a modified random walk~see
text!, as a function of the vertical position in the flow. The simul
tion was achieved considering an initially heterogeneous distr
tion of particles identical to that found experimentally.
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TWO-DIMENSIONAL INCLINED CHUTE FLOWS . . . PHYSICAL REVIEW E 68, 051303 ~2003!
bution of the small particles in the flow, whereas the parti
speed is rather independent. These results are encoura
and it therefore seems important in the near future to st
the particle trajectories in more detail.

IV. CONCLUSION

In the first part, we showed the existence of a transve
diffusive particle motion in a fully developed granular flo
of monosized particles on an inclined chute. Particles from
given layer have a nonzero probability of being transferred
adjacent layers. We found that the mean residence tim
each layer is finite and depends on the layer height in
flow. The diffusion coefficient associated with this diffusiv
motion is an increasing function of the layer height. In ad
tion, particles from the bulk have a tendency to migrate
ward, which can be partially explained by the presence of
diffusion coefficient gradient.

In the second part, we reported experimental results
the segregation process in 2D dense inclined chute flow
binary granular mixtures. At short time scales, we show
the existence of two competing processes driving the mo
of the small particles diluted among large particles: a tra
verse downward convective motion, which is a gravi
induced, size-dependent, void filling mechanism as descr
by Savage and Lun@19#, and a diffusive process, which i
not size preferential and has no preferential direction for
layer transfer. For a diameter ratio of small particles to la
ones equal to 1/2, we found that the convective and diffus
processes manifest themselves on the same time scale, w
means that they are of the same strength. Therefore the
regation mechanism is only efficient at long time scales.

We have also identified two different percolation spee
~i! a local one equivalent to a Eulerian velocity and~ii ! a
particle speed associated with the individual particle moti

~i! The Eulerian percolation speed is found to be roug
independent of the transverse position of the particles
ys

c
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has been compared to the prediction of the Savage and
theory. We found a qualitative, but not fully satisfactor
agreement. The proposed theory is based on informat
entropy concepts for the description of voids in the flow. T
validity of the applicability of these entropy concepts may
questioned. A definite answer to this issue could be obtai
through careful experimental measurements of the distr
tion of voids in the system. This can, in principle, be do
with our experimental 2D chute flow setup where all t
features of the flow can be analyzed via a high speed cam

~ii ! The particle percolation speed is different from t
Eulerian one and, in particular, is greater for particles fro
the upper layers than from the lower ones. We propose s
possible explanations for the latter observation. An appea
hypothesis is that the particle follows a more complex ra
dom walk than a simple biased Brownian motion. In partic
lar, a random walk based on two different spatial scales,
associated with a diffusing process within each layer and
other attached to the downward migration, reproduces
experimental results with a rather good qualitative agr
ment. This result tends to show that the segregation pro
is more complex than a classical biased diffusion proce
Other hypotheses should be investigated as to the import
of the relative motion between layers due to the veloc
gradient in the transverse direction of the flow.

As a conclusion, the segregation process in dense flow
far from being comprehensively understood, and additio
experimental and theoretical efforts are strongly needed
particular, our next objective is to fully characterize the p
ticle motion, which is feasible with our 2D experiment
setup.
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